We study the nuclear matter properties like symmetry energy, slope parameter, curvature, skewness and incompressibility for Hybrid EoS. The hybrid EoS is constructed using the recently proposed Effective-Field-Theory motivated Relativistic Mean-Field model (E-RMF) for hadron phase with different parameter sets and MIT Bag model for the quark phase with different Bag constants to construct hybrid EoS. The mixed phase formed by the hadron-quark phase transition is studied using the Gibbs construction. The nuclear matter properties for hybrid EoS are calculated and their variation with the bag constant is determined.
Introduction
Since the Quark matter is by assumption completely stable, it may be the true ground state of the hadronic matter [1, 2] . So the quark matter, the deconfined quark phase, is quite likely to occur in the inner regions of the compact objects like neutron stars. It may exist both as a pure phase in the central regions and as a mixed phase with hadronic matter [3] . The neutron stars with a hadronic crust and a quark core (pure or mixed) are termed as Hybrid stars.
In nuclear physics and nuclear astrophysics, the Equation of State (EoS) plays a very crucial rule in understanding the nature of matter in finite and infinite nuclear matter [4, 5, 6, 7, 8] . The binding energy per nucleon e(ρ, α) = E/A and the isospin asymmetry α= (ρ n − ρ p )/ρ are one of the basic inputs for calculating the pressure and the energy density (EoS) of neutron star matter. The symmetry energy S(ρ) and other quantities have a huge impact on the EoS. However, the S(ρ) cannot be measured directly, so fully depends on the theoretical models. Unfortunately, these models predict a wide range of symmetry energy [9, 10] . At saturation density (ρ 0 ), all these quantities are known more or less to a good extent, but the results are very much uncertain for the densities above ρ 0 . While many theoretical models predict the symmetry energy S(ρ) to be increasing with the density, several other models predict that the S(ρ) increases with the density upto ρ 0 and thereafter decreases [10, 11, 9] . At densities around 2-8 ρ 0 , the symmetry energy and the higher derivatives such as the slope parameter L = 3ρ 0 S ′ (ρ 0 ), curvature of symmetry energy K sym = 9ρ 2 0 S ′′ (ρ 0 ), Q sym = 27ρ 3 0 S ′′′ (ρ 0 ) and also the incompressibility K = 9ρ 0 ∂ 2 e(ρ)/∂ρ 2 play a key role in determining the structure and properties of neutron stars [12] and the possibility of the exotic phases [13, 14] .
The properties of neutron star such as its composition, mass, radius etc. depend upon the equation of state. The outer part of the neutron star where the density is low (≈ ρ 0 ) is mainly described by the hadronic matter. As the density increases (5-10 ρ 0 ), a phase transition from hadronic matter to quark matter is possible, where a mixed hadron-quark phase is formed for a certain density range followed a pure quark phase.
In the present work, we combine the two phases together to build a single hybrid EoS. We calculate the nuclear matter properties for hybrid EoS and the effect of bag constant on these properties. This paper is organized as follows: in section 2 we discuss the theoretical approaches employed to study the equation of state of different phases. For hadronic matter, the Effective-field -theory motivated Relativistic Mean-Field (E-RMF) model [15] is employed by using recently proposed different parameter sets. In the Quark matter, the MIT Bag Model is used to describe the Unpaired Quark Matter (UQM) [16, 17, 2] . The mixed phase for the hybrid EoS is obtained by using the Gibbs construction [3] , where the mixed phase follows global charge neutrality conditions. In section 3, we discuss the nuclear matter (NM) properties like symmetry energy and other quantities that play crucial role in studying the EoS. We then calculate the NM properties for this hybrid EoS. All the calculated results are discussed in section 4. Finally the summary and conclusions are given in section 5.
Formalism

A. Hadron Matter
Quantum Hadrodynamics (QHD), the Effective Field Theory (EFT) for strong interaction [18, 19, 20] at low energies has been studied extensively to describe the properties of both finite nuclei [21, 22, 23, 24] and infinite nuclear matter [18, 25] .In this theory, the interaction of nucleons occurs with the exchange of mesons like σ, ω, ρ and δ.
The basic relativistic Lagrangian has the contribution from σ, ω and ρ mesons without any self-coupling terms which is the original Walecka model [21] . The prediction of the nuclear incompressibility K by this model is very large (≈ 550 MeV) [18] and hence the self-coupling terms were added by Boguta and Bodmer in σ meson to minimize the value of K. With the added coupling terms, a number of parameter sets like NL1 [19] , NL2 [19] , NL3 [26] are produced, which provided the results well within the range [27] . With this, the problem of incompressibility and finite nuclei was solved, but the equation of states at high density region were quite stiff and the mass-radius of neutron stars were quite high. The addition of vector meson self coupling allowed the formation of new parameter sets [28, 29, 30, 31] , which explained both finite nuclei and infinite nuclear matter properties with a greater accuracy.
The contribution of isoscalar and isovector cross couplings with new parameter sets FSUGold [32] and IU-FSU [33] etc has a huge effect on neutron star radius without compromising the predictive power of finite nuclei. The introduction of δ meson [34, 35] influences various quantities like symmetry energy, neutron skin thickness, neutron-proton effective masses. While the effect of δ meson on the properties of finite nuclei are minimal due to low isospin asymmetry, its contribution to the strongly isospin asymmetry matter at high densities like neutron stars is large and hence the contribution of δ meson should be considered [36] . The inculsion of cross-couplings have a huge impact on neutron-skin thickness, symmetry energy and radius of neutron star, hence a systematic formalism based on naturalness and Naive Dimensional Analysis (NDA), the effective field theory motivated relativistic-mean-field (E-RMF) lagrangian is constructed.
The E-RMF Lagrangian with exchange mesons (σ, ω and ρ) as well as δ meson and all other coupling terms is given as [15, 37, 38] 
where Φ, W, R, D and A are σ, ω, ρ, δ and photon fields respectively, g σ , g ω , g ρ , g δ and e 2 4π are the corresponding coupling constants and m σ , m ω , m ρ and m δ are the masses for σ, ω, ρ and δ mesons respectively. The addition of parameters like η 1 , η 2 , η ρ , α 1 , α 2 in G3 set have their own importance in explaining various properties of finite as well as infinite nuclear matter. For example, the non linear interaction of η 1 and η 2 parameters analyze the surface properties of finite nuclei [39] . Using the equation ∂E ∂φ i ρ=const = 0, we obtain equation of motion for mesons. The energy-momentum tensor given by the expression
The chemical potential of a baryon can thus be obtained from these two independent chemcial potentials µ n and µ e . The charge neutrality condition is given by
which implies, n p = n e , where n p and n e are the number densities of proton and electron respectively.
B. Quark Matter
The density in the central part of the neutron star is presumed to be high enough for the hadron matter to undergo a phase transition to quark matter. This transition leads to the formation of a mixed phase at the density that varies from saturation density ρ 0 to few times ρ 0 depending upon the properties of NS and the models used. For the quark phase, we employ the simple MIT Bag model for the unpaired quark matter [16, 17, 2] . This model is a degenerate Fermi gas of quarks (u,d and s) and electrons with chemical equilibrium being maintained by several weak interactions. In this model, the quarks are assumed to be confined in a colorless region where the quarks are free to move. The quark masses considered are as m u = m d =5.0 MeV and m s = 150 MeV. For the present work, we ignore the one gluon exchange inside the gas.The equilibrium condition satisfied by the quark matter is
The chemical potential of the individual quark follows from the neutron and electron chemical potentials µ n and µ e respectively as:
and
The charge neutrality condition obtained is
where, n q (q = u, d, s, e). The total quark matter density is given as
The pressure of the quarks (q=u,d,s) is given by [40] 
The total pressure due to quarks and leptons is given by
where, B is the Bag constant. The bag constant is the difference in the energy densities of the perturbative vacuum and the non-perturbative vacuum (true ground state of QCD). The pressure exerted by the freely moving quarks at the surface of the bag can make the bag unstable. To prevent this, an external pressure defined as the Bag pressure B is applied to compensate the internal pressure of the system.
The expression for the quark energy density is
A range of bag constants have been used in the literature [41, 42, 43, 44] . In the bag model, the standard value of B is taken as B 1/4 = 140 MeV [45, 46] In our previous work [47] , we have constrained the value of bag constant for hybrid stars. Considering the range varying from B 1/4 = 100-200 MeV, we found that the bag values 130 MeV<B 1/4 < 160 MeV are suitable for explaining the presence of quark matter phase in neutron stars.
C: Mixed Phase
The mixed phase region between the pure hadron matter and the quark matter is not well defined [3] . Beta-equilibrium and charge neutrality conditions determine the density range over which the mixed phase can exist. The quark-hadron phase transition in neutron stars has been widely studied using different techniques [3, 48, 49, 50, 51] . Usually the technique involved in constructing the mixed phase depends upon the surface tension. Beyond a critical value of the surface tension, the Maxwell construction (MC) [52] is used. With no specific value of surface tension being known, the Gibbs construction (GC) [3] is found to be more relevant. In GC, the global charge neutrality is imposed which means that both hadron phase and quark phase are allowed to be charge neutral separately, whereas in Maxwell construction, local charge neutrality condition is used. Also, in GC, the pressure increases with the density in the mixed phase contrary to Maxwell construction, where the pressure remains constant throughout the phase transition.
In case of two independent chemical potentials which follow from eqs. (7) and (9), the Gibbs conditions for the mixed phase are given by:
The energy density and the baryon density for the mixed phases then follows from the equations:
where, χ = V Q /V is the volume fraction of the quark phase. Once the mixed phase is obtained, the eqs. (20) and (21) can be solved to determine the properties of the mixed phase.
Symmetry Energy
The symmetry energy S for a nuclear system with mass number A is defined as
. This quantity plays a major role in the nuclear EoS, which are generally the inputs used in the determination of mass and radius of neutron stars. The symmetry energy also influences largely on the cooling process of neutron star. The density dependence of symmetry energy has a great impact on the properties of neutron stars. Huge literature is devoted to the calculation of the symmetry energy S and its slope parameter L. Different phenomenological approaches like Hartree-Fock [53] and Thomas-Fermi [54] have been used to study the symmetry energy which predict the value of symmetry energy in the range 27-38 MeV at saturation . Such studies have also shown the correlation between the slope parameter and the neutron skin thickness.
The binding energy per nucleon e(ρ, α) can be approximated by the parabolic law as [55] e(ρ, α)
where, e(ρ) is the corresponding energy density and S(ρ) is the symmetry energy defined as
This isospin asymmetry arise as a result of difference in the masses and densities of proton and neutron. The isovector-vector meson ρ takes care of asymmetry density while the isovector-scalar meson δ takes care of mass asymmetry. The combined expression of the ρ and δ meson symmetry energies gives the overall symmetry energy of the system [39, 34, 56] 
where,
Due to the cross-coupling between the ρ-ω fields, The mass of the ρ meson is modified as
The contribution to the symmetry energy due to the δ meson is
The function u δ follows from the discreteness of the Fermi momentum. In nuclear matter, this momentum is quite large and hence the system can be treated to be continuous which implies that the function u δ ≈1. So the final expression for the symmetry energy becomes
Numerically, the symmetry energy S(ρ) is calculated as the difference in the energy of the Symmetric Nuclear Matter (SNM) and Pure Neutron Matter (PNM). The symmetry energy around the saturation density ρ 0 can be expanded by Taylor series as:
where, J=S(ρ 0 ) is the symmetry energy at the saturation density ρ 0 and Y = (ρ−ρ 0 )/(3ρ 0 ). The derivatives of S(ρ) are L, K sym and Q sym and are defined as:
Here, L is the slope parameter and K sym represents the symmetry energy curvature at saturation density. Q sym is the skewness of S(ρ) at ρ 0 . To fix the values of all these quantities, a large number of attempts have been made [57, 58, 9, 59, 60, 61, 62] .The density dependent symmetry energy is an important quantity to understand the properties of both finite as well as infinite matter [63] . The currently accepted values of symmetry energy and its slope are J = 31.6 ± 2.66 MeV and L = 58.9± 16 MeV, which are obtained from various astrophysical observations [64] . The precise values of these quantities are yet to be determined experimentally.
The symmetry energy and its density dependence have a strong correlation between the pressure (at ρ ≈ ρ 0 ) inside a neutron star and its radius [65] . Also, studies have shown that the slope parameter L is related to the neutron skin thickness. A large value of L corresponds to a higher neutron matter pressure and a thicker neutron skin [66, 11, 67] . It is found that the value of the parameters L, K sym and Q sym have a huge impact on the Radius-Mass relation of a neutron star [68] . The more accurate values of these parameters may come from the future experiments or from a better knowledge of neutron star MR relation.
For hadron EoS, all these quantities are known with some uncertainities. But for hybrid EoS, no such measurement has been made. In this work, we calculate all these quantities for a hybrid EoS which heavily influence the neutron star MR relation.
Results and Discussions
To calculate the symmetry energy and all other parameters for a hybrid EoS, we used different parameter sets NL3 [26] , FSUGarnet [69] , G3 [70] and IOPB-I [38] for hadron matter. The NM properties for the hadron EoS at saturation density J , L, K sym and Q sym for all parameter sets are listed in table 1. For NL3 set, the symmetry energy J = 37.43 MeV and slope parameter L = 118.65 MeV are little higher than the empirical value J = 31.6 ± 2.66 MeV and L = 58.9 ± 16 MeV [64] . The J and L for other parameter sets lie well within the given range. K is the nuclear matter incompressibility at saturation that determines the extent to which a nuclear matter can be compressed and is defined as
The current accepted value of K=240 ± 20 MeV is determined from the isoscalar giant monopole resonance (ISGMR) for 90 Zr and 208 P b [71, 72] . The incompressibility of the given parameter sets lie within the range 240±20 MeV with NL3 set producing a little higher value than the rest. The G3 set predicts more accurate value of K=243.96 MeV, which shows that the contribution of δ mesons in necessary for high dense matter. The value of incompressibility for different parameter sets are compatible with the observational data from various experiments. The value of incompressibility parameter at saturation density is an important feature of nuclear matter. It appears as a parameter in the calculations of mass spectrum and properties of neutron stars, which are important in understanding the nuclear matter at high densities.
To obtain energy density and the pressure for neutron star matter in β-equilibrium and charge neutrality condition, we solve equation (3) and equation (4) for different parameter sets. Figure (1) shows the variation of proton and neutron effective mass as a function of Fermi momentum for different parameter sets. For G3 set, the effective Figure (2) shows the variation of pressure P with the baryon density for pure neutron matter (PNM). The results are compared with the experimental flow data obtained from the analysis of heavy ion collisions [4] ,where upper one (stiff-expt.) corresponds to the strong density dependence of S(ρ) and the lower one (soft-expt.) corresponds to the weak dependence. It is clear from figure (2) that the PNM EoS for G3 set is compatible with the experimental data. The NL3 set produces stiffer results than the other forces at high densities. The IOPB-I and FSUGarnet EoS is also compatible with the data. Figure ( 3) displays the variation of pressure with energy density for β-equilibrated charge neutral neutron star matter for parameter sets NL3, FSUGarnet, IOPB-I and G3. The NL3 parameter set yields a stiffer EoS. FSUGarnet and IOPB-I have similar EoSs at high density but they differ slightly at low energy density. FSUGarnet has soft eos at low energy density E ≈ 0.5 fm −4 but becomes stiff at higher density as compared to G3. The G3 set provides the soft EoS. The symmetry energy S(ρ) as a function of density is displayed in figure (4) . The symmetry energy for NL3 set is stiff at high density as compared to FSUGarnet, IOPB-I and G3 parameter sets which provide soft S(ρ). The presence of ρ − ω cross-coupling in IOPB-I and FSUGarnet sets and ρ − σ in G3 set yields softer symmetry energy. The slope parameter L and the symmetry energy curvature K sym are smaller in G3 as compared to the others as shown in table (1) . This implies that the G3 set has softer symmetry energy at high density. This effect of symmetry energy plays an important role in the cooling process of neutron star.
To obtain hybrid EoS, we solve equation (20) and equation (21) together with the hadronic and quark EoS. All the hybrid EoS for different hadronic matter parameter sets (NL3, IOPB-I and G3) and for different quark matter bag values (B 1/4 = 100, 130, 160, 180 and 200 MeV) are shown in figure (5) . It is clear that the energy density increases with the bag constant and hence the pressure will correspondingly decreases with the bag constant. This implies that the hybrid EoS becomes more softer as we increase the bag value. It is to be mentioned that the phase transition density of mixed phase changes with the bag constant. For small values of B, the phase transition takes place below the nuclear saturation density [73] . As the bag value increases, the phase transition density shifts to higher values. Also, the mixed phase region broadens with the bag constant. The importance of hybrid EoS lies in the formation of mixed phase. The transition from HM to QM using Gibbs condition determines the stiffness or softness of the EoS. Due to the stiffness/softness of hybrid EoS by the mixed phase, the nuclear matter properties of hybrid EoS change with the bag constant.
From the EoSs obtained (figure 5), quantities like energy density, pressure and density are now known for the hybrid EoS. The nuclear matter properties like symmetry energy and other quantities for the hybrid EoS at saturation as are calculated as shown in table 2.
The value of symmetry energy J at saturation and other parameters are very large as compared to the pure hadronic matter. The J value of hadronic EoS for G3 set is 31.84 MeV, while for G3 hybrid EoS the value is 37.48 MeV for B 1/4 =100 MeV and increases with the bag constant. The value of slope parameter for hybrid EoS with G3 force lies in the range (50-80) MeV which is compatible with the astrophysical observations [64] , but for NL3 hybrid EoS, the L value is very large and lies in the range (120-130) MeV. Similarly, the value of Q sym for all the hybrid EoSs lies in the range (2000-6000) MeV which is quite large compared to the values obtained for pure hadronic matter (100-900 MeV).
All the parameters of hybrid EoS like J, L, K sym and the skewness parameter Q sym at saturation are plotted as a function of Bag constant B 1/4 for different parameter sets as displayed in figure (6) . The symmetry energy J increases with the bag values for IOPB-I and G3 sets, while for NL3 it decreases initially for B 1/4 values upto 180 MeV and then increases for 200 MeV, showing a completely different nature than the rest of parameter sets. The slope parameter L and K sym vary almost in the similar fashion for IOPB-I and G3 sets. NL3 has higher values for both L and K sym whereas the Q sym is large for G3 set. The skewness coefficient of symmetry energy Q sym has very large value for all parameter sets. For G3 set, the values lie in the range 5500-6500 MeV, while for IOPB-I set, it lies within 2000-3000 MeV. For hadronic matter the Q sym is largely uncertain, but its value is predicted from (100-1000) MeV. The incompressibility coefficient K for all parameter sets is displayed in figure (7) . The values lie in the range 400-600 MeV, which is very large compared to the predicted values from ISGMR [71, 72] .The values of symmetry energy and all other quantities are very high compared to the values of the pure hadronic matter. All these quantities cannot be measured directly by experiments and the theoretical models produce a very wide range of such values. So, there is always uncertainty associated with the measurement of such quantities and hence the calculations of such values in this regard is more needed.
A good knowledge of the EoS and better understanding on the theoretical models can help in determining these quantities with a great accuracy. The variation of symmetry energy for hybrid EoS with density for different HM parameter sets and different bag values are shown in figure (8) . The symmetry energy for NL3 set increases smoothly with density for all bag constants. However for IOPB-I and G3 sets, the symmetry energy shows a rapid increase for bag constants B 1/4 =180 and 200 MeV. The G3 set produces softer symmetry energy for low bag values in comparison to the IOPB-I and NL3 sets, while as it produces very stiff value of symmetry energy for bag constants 180 and 200 MeV. The symmetry energy at saturation density ρ 0 for NL3 set initially decreases with bag constant upto B 1/4 =180 MeV, thereafter it increases for B 1/4 =200 MeV. No such variation in the symmetry energy is seen for IOPB-I and G3 sets. The large variation in symmetry energy for 180 MeV and 200 MeV bag values for IOPB-I and G3 sets at higher densities may well contribute to the star matter properties. The slope parameter L versus ρ is displayed in figure (9) . For NL3 set, L shows similar behavior for all bag constants at densities ρ > ρ 0 . However, for densities ρ < ρ 0 , the L value shows more saturation for all bag constants. IOPB-I set follows almost similar pattern. However for G3 set, the L value increases with density at ρ > ρ 0 . The G3 set produces soft slope parameter L as compared to NL3 and IOPB-I parameterizations.
The variation in all these nuclear matter properties with bag constant will be important in the context of constraining the EoS of nuclear matter. Such variations will directly effect the star matter properties. Furthermore, it may allow us to properly calculate the fraction of quark matter present in neutron stars. Considering color flavor or one gluon exchange in the simple MIT bag model or using other models like NJL [ 74, 75] for quark matter may further constrain these nuclear matter properties for hybrid EoS.
Since the symmetry energy cannot be measured directly, it is important to identify the observables that correlate the symmetry energy and its density dependence to impose constraints on the quantities like slope parameter, symmetry energy curvature etc. The additional information about these quantities can be extracted from the astrophysical observations of high dense matter objects like neutron stars or from a better knowledge of EoS. The nature of EoS is influenced remarkably with these quantities and since these parameters are controlled by the bag constant B, then it will be possible to adjust the mass and radius of neutron star by tuning the bag constant B.
Summary and Conclusion
We studied the hybrid EoS by mixing hadron matter and quark matter using Gibbs conditions. E-RMF model for hadron matter with recently reported parameter sets and MIT bag model for quark matter with different bag constants is studied. The nuclear matter properties like symmetry energy (J), slope parameter (L), curvature of symmetry energy (K sym ), skewness (Q sym ) and incompressibility (K) are calcualted for hybrid EoS. It is found that the values of symmetry energy J and other quantities are very high for a hybrid EoS and they increase with the bag constant except the J and L values (for NL3) and incompressibility K (for all parameter sets) which decreases with the bag values B. The values obtained for symmetry energy and other quantities are very large as compared to their predicted values for hadronic matter. The predicted values of these quantities from various theoretical models also have a large uncertainty.
All these quantities have a huge impact on the neutron star mass-radius relation and other important quantities. The slope parameter has influence on the properties of both finite and infinite nuclear matter. The phase transition properties of hadron-quark matter and the existence of exotic phases like Kaons, Hyperons etc. in neutron stars are also dependent on these quantities. The effect of temperature on symmetry energy and other quantities will allow us to understand the compact objects more deeper. The presence of quarks inside the neutron star core modifies the equation of state and changes the nuclear matter properties. It will be interesting to see how these values for a hybrid star will provide a new insight into the physics of neutron stars and other high dense objects.
